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013.11.0Abstract The aim of the present study is to analyze the ﬂow of three-dimensional water-based
nanoﬂuid over an exponentially stretching sheet. The transport equations are transformed into non-
linear, coupled similarity equations using three-dimensional exponential type similarity transforma-
tions. These equations are solved numerically to obtain the velocities and temperature in the
respective boundary layers. Results are presented to illustrate the effects of various parameters
including the temperature exponent, stretching parameter and volume fraction of three different
types of nanoparticles, such as copper (Cu), alumina (Al2O3) and titanium dioxide (TiO2) with
water as a base ﬂuid.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
The studies of ﬂows over a stretching sheet have gained admi-
rable attention due to its extensive use in engineering applica-
tions, such as extrusion of polymer sheet from a dye or in the
drawing of plastic ﬁlms, bundle wrapping, hot rolling, extru-
sion of sheet material, wire rolling and glass ﬁber. Main appli-
cations related to such kind of motion are in the ﬁeld
of geophysical ﬂuid dynamics that is the study of naturally90642182.
(R. Ul Haq).
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03occurring, large-scale ﬂows on Earth and elsewhere, but mostly
on Earth. Although the discipline encompasses the motions of
both ﬂuid phases – liquids (waters in the ocean, molten rock in
the outer core) and gases (air in our atmosphere, atmospheres
of other planets, ionized gases in stars) – a restriction is placed
on the scale of these motions. Only the larger-scale motions fall
within the scope of geophysical ﬂuid dynamics. For example,
problems related to river ﬂow, microturbulence in the Upper
Ocean, and convection in clouds are traditionally viewed as
topics speciﬁc to hydrology, oceanography, and meteorology,
respectively [1].
Sakiadis [2,3] pioneered the concept of boundary layer for
continuously stretching surface. Study related to stretching
sheet has concerned many articles [4–8] to investigate ﬂuid
behavior with various physical aspects. Crane [9] contributed
appreciative work to extend the idea of Sakiadis. He presented
the idea of both linear and exponentially stretching surface
for steady boundary layer ﬂow and found the exact similaraculty of Engineering, Alexandria University.
220 S. Nadeem et al.solutions in closed analytical form. Meanwhile, many authors
modify the idea of stretching sheet for different ﬂuid models
for both nonlinear and exponentially stretching sheet [10–14].
Nanoﬂuids are homogenous mixture of base ﬂuid and
nanoparticles. Suspended metallic or non-metallic particles
change the transport properties and heat conduction charac-
teristics of the common base ﬂuids include water, organic liq-
uids (e.g. ethylene, tri-ethylene–glycols, refrigerants), engine
oils and lubricants, bio-ﬂuids, polymeric solution and other
common liquids. In fact, enhanced thermal conductivity is
based on the nanoparticles. Nanoparticle is distributive part
of any material whose diameter is about less than 100 nm.
The effectiveness of heat transfer enhancement has been found
to be dependent on the amount of dispersed particles, material
type and particle shape. A number of well-known nanoparti-
cles are created from different materials, such as oxide ceram-
ics (Al2O3, CuO), metal nitrides (AlN, SiN), carbide ceramics
(Sic, Tic), metals (Cu, Ag, Au), carbons in various (e.g., dia-
mond, graphite, carbon nanotubes, ﬂuorine) and functional
nanoparticles. Initially, attempt of this classical model is intro-
duced by Maxwell [15] for statistically homogenous, isotropic
composite materials with randomly dispersed spherical parti-
cles. In the development of nanoﬂuids, Choi [16] presented
the concept of nanoﬂuids for suspension of liquids containing
ultra-ﬁne particles (diameter less than 50 nm). In the past few
years, many experimental investigations on the thermal con-
ductivity of nanoﬂuids have been studied. Yoo et al. [17] mea-
sured the thermal conductivity of nanoﬂuids for TiO2, Al2O3
and Fe and found that large enhancement in thermal conduc-
tivity compare to the base ﬂuids. A phenomenon of nanoﬂuid
over a stretching sheet for laminar boundary layer ﬂow was
ﬁrst presented by Khan and Pop [18]. In the recent develop-
ments, vast amount of the literature concern with the nano-
ﬂuid for both Newtonian and non-Newtonian models is
available but we refer few recent studies [19–30]. Nadeem
and Lee [31] extended the idea of nanoﬂuid over an exponen-
tially stretching sheet. Recently, Bachok el al. [32] presented
the steady three-dimensional stagnation point ﬂow in a
nanoﬂuid.
Motivation of the present study is to extend the idea of Liu
et al. [33] to investigate the ﬂow of three-dimensional exponen-
tially stretching sheet for nanoﬂuid. In the present study we
have assumed water as a base ﬂuid and also consider the effects
of nanoparticle volume fraction taken into the account. More-
over, we have considered three different types of nanoparticles
such as copper (Cu), alumina (Al2O3), and titanium dioxide
(TiO2). Introducing the similar transformations, the momen-
tum and energy equations, under boundary layer assumptions
reduce the equations to the set of ordinary differential equa-
tions. Solutions of reduced coupled differential equations are
solved numerically. Graphical results for emerging parameters
are being described through graphs and discussion. Physical
behaviors of reduced Sherwood and local Nusselt number have
discussed through graphs.2. Mathematical model
Consider three-dimensional (3D) steady boundary layer ﬂow
past a stretching sheet in the presence of nanoparticles, it is
also considered that the sheet is stretched with the different
velocities Uw, Vw along the Cartesian coordinate axis, x- andy-axes respectively whereas the ﬂuid placed along the z direc-
tion is taken to be at rest. Moreover, we have considered the
constant temperature Tw at wall and the ambient temperature
T1. Under the above assumptions the governing continuity,
momentum and energy equations are
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subject to the boundary conditions
u ¼ Uw; v ¼ Vw; w ¼ 0; T ¼ Tw; at z ¼ 0
u ! 0; v ! 0; T ! T1; as z ! 1

ð5Þ
In above expressions u, v and w are the velocity components
along the x, y and z-axes, respectively; T is the temperature,
qnf is the nanoﬂuid density, lnf is the viscosity of nanoﬂuid
and anf is the thermal diffusivity of nanoﬂuid deﬁned as follows
lnf ¼ lfð1/Þ2:5 ; qnf ¼ ð1 /Þqf þ /qs
ðqcpÞnf ¼ ð1 /ÞðqcpÞf þ /ðqcpÞs; mnf ¼
lnf
qnf
knf
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where knf is the thermal conductivity of the nanoﬂuid, ðqcpÞnf is
the heat capacity of nanoﬂuid and / is the solid volume frac-
tion of nanoparticles.
We look for a similarity solution of Eqs. (1)–(4) of the fol-
lowing form
u ¼ U0exþyL f0ðgÞ; v ¼ V0exþyL g0ðgÞ;
w ¼ ðvU0
2L
Þ1=2exþyL ffðgÞ þ gf0ðgÞ þ gðgÞ þ gg0ðgÞg;
T ¼ T1 þ T0eAðxþyÞ2L hðgÞ; g ¼ ðU02yLÞ
1=2
e
xþy
L z
9>=
>;
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where U0, V0 and T0 are constants, L is the reference length
and A is the temperature exponent. Employing the similarity
variables (7), Eqs. (1)–(5) reduces to the following nonlinear
system of ordinary differential equations:
1
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subjected to the boundary conditions (5) which become
fð0Þ ¼ 0; f0ð0Þ ¼ 1; gð0Þ ¼ 0; g0ð0Þ ¼ a; hð0Þ ¼ 0
f0 ! 0; g0 ! 0; h ! 0; as g !1

ð9Þ
Here, primes denote differentiation with respect to g,
Pr ¼ ðlcpÞf=kf is the Prandtl number and a= V0/U0 is the
stretching ratio parameter.
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and the local Nusselt number Nux, which are deﬁned as
Cfx ¼ swx
qfU
2
0=2
; Cfy ¼ swy
qfU
2
0=2
; Nux ¼ xqw
kfðTw  T1Þ ð10Þ
where the surface shear stresses swx, swy and the surface heat
ﬂux qw are given by
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with lnf and knf being the dynamic viscosity and the thermal
conductivity of the nanoﬂuids, respectively. Using the similar-
ity variables (7), we obtain
Re1=2x Cfx=2e
3ðxþyÞ
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k
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where Reynolds number Re ¼ U0L=2m.
3. Numerical procedure
An efﬁcient Runge–Kutta fourth order method along with
shooting technique was used to solve coupled ordinary differ-
ential equations Eq. (8) with boundary conditions (9) for
different values of controlling parameters. The asymptoticTable 1 Comparison with the literature of heat transfer rate for pu
h
0
(0)
Pr A Magyari and Keller
1 1.5 0.37741
0 0.549643
1 0.954782
3 1.560294
5 1.5 1.353240
0 1.521243
1 2.500135
3 3.886555
10 1.5 2.200000
0 2.257429
1 3.660379
3 5.635369
Table 2 Comparison with the literature of heat transfer rate for pu
h0(0)
a Pr A= 2 A=
Liu et al. [33] Present results Liu e
0 0.7 0.6236183 0.62362 0.4
7 5.9409444 5.94093 1.8
0.5 0.7 0.7637845 0.76377 0.5
7 7.2761412 7.27614 2.2
1 0.7 0.8819431 0. 88194 0.6
7 8.4017642 8.40175 2.6boundary conditions given by Eq. (9) were replaced by using
a value of 15 for the similarity variable gmax as follows.
gmax ¼ 15; f0 ! 0; g0 ! 0; h ! 0 ð13Þ
The choice of gmax = 15 ensured that all numerical solutions
approached the asymptotic values correctly. In the absence
of nanoparticles (/= 0), the dimensionless heat transfer rates
h
0
(0) are compared with the literature [33,35] in Table 1 and 2.
Both results are found to be in good agreement. Therefore, we
believe that the present results are accurate. We notice from
Table 1 that the comparison shows good agreement for each
value of Pr and temperature exponent A with a= 0 and from
Table 2 with varying stretching ratio parameter a. Therefore,
we are conﬁdent that the present results are very accurate.
4. Results and discussion
The variation in dimensionless velocities, temperature, skin
frictions and heat transfer rate with governing parameters such
as nanoparticle volume fraction /, stretching parameter a and
temperature exponent parameter A is shown in Figs. 1–4 for
water-based nanoﬂuids. The thermophysical properties of the
base ﬂuid water and the three different nanoparticles (copper
(Cu), alumina (Al2O3) and titanium dioxide (TiO2)) are listed
in Table 3.
The effects of Cu-nanoparticles volume fraction and stretch-
ing parameter a on the dimensionless proﬁles are depicted in
Fig. 1a–c. The increase in Cu-nanoparticles volume fraction
tends to reduce the dimensionless velocities whereas there ﬂuid with a= 0.
[35] Liu et al. [33] Present results
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2.500135157 2.500135
3.88655510 3.886555
2.20002816 2.2000282
2.25742372 2.257424
3.66037218 3.660372
5.62819631 5.628196
re ﬂuid.
0 A= 2
t al. [33] Present results Liu et al. [33] Present results
258380 0.42584 1.6416592 1.64166
466056 1.84661 5.8978037 5.89780
215410 0.52154 2.0106136 2.01061
616208 2.26162 7.2233049 7.22331
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Figure 1 Effects of Cu-nanoparticle volume fraction and stretching parameter a on dimensionless velocities and temperature.
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Figure 2 Effects of different nanoparticles on dimensionless velocities as well as the effect of temperature exponent parameter A on
dimensionless temperature.
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Figure 3 Variations in skin frictions with stretching parameter a for different nanoparticle volume fractions.
222 S. Nadeem et al.temperature increases. An increase in the stretching parameter
a, the velocity in x-direction and the temperature proﬁles
decreases whereas the velocity proﬁle in y-direction increases.
The later behavior is because of the boundary condition g0(0) = a.
Fig. 2a–c illustrates the effects of the three different nano-
particles (copper (Cu), alumina (Al2O3) and titanium dioxide
(TiO2)) on the dimensionless proﬁles. From Fig. 2a and b itis clear that for Al2O3–water nanoﬂuids the hydrodynamic
boundary layer is thicker in comparison with copper and
titanium. The thermal boundary layer is thicker for TiO2–
water nanoﬂuids. The effects of the temperature exponent
parameter A on dimensionless temperature are presented in
Fig. 2c. The thermal boundary layer thickness increases with
increase in the exponent parameter A.
(a) (b)
Figure 4 Variations in Nusselt number with temperature exponent parameter A, stretching parameter a for different nanoparticle
volume fractions.
Table 3 Thermophysical properties of base ﬂuid/water and
nanoparticles [34].
Physical properties Water/base ﬂuid Cu Al2O3 TiO2
q (kg/m3) 997 385 765 686.2
cp (J/kg K) 4179 8933 3970 4250
k (W/m K) 0.613 400 40 8.9538
Heat transfer analysis of water-based nanoﬂuid 223The variations in the skin frictions and the heat transfer
rate with the governing parameters are presented in Figs. 3
and 4, respectively. Fig. 3a and b shows that the resistance
to the ﬂow in the x-direction as well as in the y-direction
increases for the increasing values of the stretching parameter
a. For Cu/water-based nanoﬂuids, the skin friction in both
directions is high (see Table 4). The effects of the stretching
and temperature exponent parameters on heat transfer rate
are presented in Fig. 4. Fig. 4a shows that the heat transfer rate
reduces with increasing temperature exponent A (see Table 4).
For increasing stretching parameter the heat transfer rate
increases (see Table 4). Interestingly, it is not clearly evident
to out rightly predict the effects of the different nanoparticles
on Nusselt number. This may be because of the complications
of the proposed model. Nevertheless, the present study
provided a good base for further research.Table 4 Numerical results of the present study for skin friction coe
/# A# a# f00ð0Þ=ð1 /
0.1 0.5 0.5 2.39997 (C
2.06242 (T
2.04046 (A
1.5 3.09835 (C
2.66257 (T
2.63423 (A
0.2 0.5 0.5 3.34046 (C
2.66731 (T
2.62159 (A
1.5 4.31252 (C
3.44348 (T
3.38446 (A5. Conclusions
We have examined the inﬂuence of different nanoparticle vol-
ume fractions on three-dimensional boundary layer ﬂow of
water over an exponentially stretching sheet. The effects of
copper (Cu), alumina (Al2O3) and titanium dioxide (TiO2)
volume fraction are accounted by considering homogeneous
ﬂow model. We have explored the effects of the governing
parameters including nanoparticle volume fraction, stretching
parameter and temperature exponent parameter on the proﬁles
as well as on the physical quantities such as skin frictions
(along x- and y-axes) and heat transfer rate. The key observa-
tions are as follows
 The velocity proﬁles (x and y) decrease with increasing
nanoparticle volume fraction whereas the temperature pro-
ﬁle increases.
 With increase in the stretching parameter, the skin frictions
(along x- and y-axes) and the heat transfer rate increase.
 For Cu-nanoparticles expansion in water, the resistance to
the ﬂow (along x- and y-axes) is higher compare to titanium
dioxide (TiO2) and alumina (Al2O3).
 The heat transfer rate decreases with increasing temperature
exponent parameter.fﬁcient and Nusselt number.
Þ2:5 g00ð0Þ=ð1 /Þ2:5 (knf/kf) h0(0)
u) 1.19999 (Cu) 4.78978 (Cu)
iO2) 1.03121 (TiO2) 4.91055 (TiO2)
l2 O3) 1.02023 (Al2 O3) 4.94882 (Al2 O3)
u) 4.64753 (Cu) 7.36737 (Cu)
iO2) 3.99385 (TiO2) 7.56384 (TiO2)
l2 O3) 3.95134 (Al2 O3) 7.60888 (Al2 O3)
u) 1.67023 (Cu) 1.13201 (Cu)
iO2) 1.33365 (TiO2) 1.01976 (TiO2)
l2 O3) 1.31080 (Al2 O3) 1.09734 (Al2 O3)
u) 6.46878 (Cu) 1.13124 (Cu)
iO2) 5.16522 (TiO2) 0.97659 (TiO2)
l2 O3) 5.07669 (Al2 O3) 1.06565 (Al2 O3)
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